Abstract: We study the strong coupling behaviour of fixed length single trace operators in the scalar SU(2) sector of N = 4 SYM. We assume the recently proposed connection with a twisted half-filled Hubbard model. By explicit direct diagonalization of operators with length L = 4, 6, 8 we study the full perturbative multiplet of those lattice states which have a clear correspondence with gauge theory composite operators. For this multiplet, we follow the weak-strong coupling flow to free fermion states and identify in particular the precise asymptotic fermion configuration. Next, we analyze the Lieb-Wu equations of the twisted Hubbard model. For the antiferromagnetic state we derive its strong coupling expansion working at L up to 32. We also study the lightest state in the perturbative multiplet. This state is non trivial since involves complex solutions of the Lieb-Wu equations. It is particularly interesting for AdS 5 × S 5 duality since it is dual to the folded string semiclassical solution in the thermodynamical limit. We are able to perform the full analysis and compute the next-to-next-to leading terms in the strong coupling expansion for the non trivial lengths L = 12 and L = 20. A general formula is proposed for the NLO expansion for any L = 4(2k + 1), k ∈ N.
Introduction
The quantum behavior of N = 4 super Yang-Mills in the planar limit is crucial in the context of AdS/CFT correspondence [1, 2, 3, 4, 5] . In particular, the anomalous dimensions of certain single trace operators in the planar limit of the N = 4 theory can be compared with the masses of string states on AdS 5 × S 5 [6] . For instance, the comparison turns out to be particularly favorable for BMN states [7] where the gauge-string matching can be done at the perturbative level in the planar gauge theory at the price of analyzing long composite operators with a large number of constituent fields and few impurities.
Apart from the gauge-string connections, the N = 4 quantum theory has a rich internal structure suggesting its quantum integrability. The calculation of anomalous dimensions in specific sectors of the N = 4 theory can be cast in algebraic form by computing the loop corrected dilatation operator [8] . The huge mixing problem is then reduced to the analysis of the eigensystem of the finite dimensional matrix representing the dilatation operator.
Remarkably, at one-loop, the dilatation operator can be identified with the Hamiltonian of the integrable XXX spin 1/2 lattice model [9] . In the SU(2) sector, Beisert, Dipple and Staudaucher (BDS) [8, 10, 11] proposed a Bethe Ansatz for the 2-body S-matrix in agreement with the explicit three loop dilatation operator and consistent with all loop BMN scaling [7] . The BDS equations describe a spin model of the Heisenberg-type with long range couplings. The range of the spin interaction increases as the loop order is increased. After having built the five loop BDS Hamiltonian, they could match the gauge theory predictions known up to three loops. A disagreement with the gauge theory calculation for operators with classical dimension L is expected precisely at L loop order due to wrapping terms. In the thermodynamical limit, these terms are negligible and an all-loop Bethe Ansatz was proposed.
Using the BDS equations it is possible to compute the largest energy state on the chain [12, 13] . In the Heisenberg model language, it the non trivial antiferromagnetic state. Its energy in the thermodynamical limit perfectly agrees with the ground state energy of a (twisted) one-dimensional Hubbard model at half-filling [14] . The connection between the spin model and the itinerant fermion model can be understood as follows. The spin model is nothing but the strong coupling expansion of the fermion model, where strong means the the hopping term is treated perturbatively. The effective Hamiltonian for the strong coupling of the Hubbard model contains interactions with a range increasing with the order of the expansion. This is because successive applications of the hopping operators connect lattice sites with increasing distance.
With an impressive breakthrough, Rej, Serban and Staudacher (RSS) proposed the Hubbard model as the correct microscopic model behind the integrable structure of the N = 4 SYM dilatation operator [12] . In other words, they suggest that it could predict at all loops and non perturbatively the anomalous dimensions of the gauge theory operators for any finite L. This proposal also overcomes the problems related to the wrapping interactions in the long range spin model [15] . The RSS proposal is still a conjecture although with robust theoretical motivations. To pursue its assessment, it would be necessary to perform a four loop calculation in the gauge theory. Waiting for this check, the Hubbard model can be considered as a powerful Ansatz for the description of the gauge theory at finite operator lengths and beyond the perturbative regime.
Actually, the appearance of the Hubbard model remains somewhat mysterious and intriguing [16] . In particular, the Hubbard model describes fermions with spin and admits states with two fermions in the same site. This extra states cannot be identified immediately with gauge theory operators. Indeed, it is not clear what is the role of its extra states which at strong coupling definitely mix with the perturbative states. Waiting for a better understanding of the role of Hubbard model, we can assume an optimistic attitude and exploit it to investigate the weak-strong coupling behavior of anomalous dimensions.
The main technical tool in the analysis of states in the Hubbard model are its LiebWu equations which encode integrability. The Lieb-Wu equations are precious in the study of the thermodynamical limit including finite size corrections [17, 18, 19] . However, the machinery works well only for particular states. In the thermodynamical limit, the Bethe roots accumulate on a discrete set of non trivial curves in the complex plane. The integral equations for the root density are quite difficult due to unknown shape (and number) of the contours. At weak coupling, the Lieb-Wu equations reduce to the BDS Ansatz of Heisenberg type. In some favorable cases a solution for the thermodynamical limit can be found. Remarkably, the solution can also be matched with specific semiclassical string states [20, 21, 22, 23, 24] . The analysis of the Lieb-Wu equations is more problematic and the full spectrum of the twisted Hubbard model at finite large L remains a quite difficult task.
As an alternative approach to solving the Lieb-Wu equations, J. Minahan has recently proposed [25] to analyze directly the twisted Hubbard model Hamiltonian on small lattices to understand the features of the spectrum. This is an interesting approach aimed at understanding the strong coupling behavior of states associated to gauge invariant operators.
In this paper, we analyze single trace cyclic operators with zero SU(2) spin of the form
with large J. Here, Z, and Φ are the charged scalar fields in the N = 4 supermultiplet. As usual, dots stand for various other orderings of the scalar fields required to obtain eigenstates of the dilatation operator. The above set of operators, all with classical dimension 2J is closed under perturbative renormalization. It is not clear what happens at strong coupling. Indeed, it has been suggested that some surprise could occur [26] . In this direction, it seems to be important to understand the mutual role of the perturbative states and the additional states in the Hubbard model. As a first step of our analysis, we collect and explain some general features of the states belonging to what we call the perturbative multiplet. These are the states in the Hubbard model with a clear identification with single trace operators in the gauge theory. Then, we exploit the direct approach of [25] to study the full spectrum at L = 4, 6, 8. The case L = 4 is discussed in [26] and here it is reviewed to present the method and prepare for larger L. The cases L = 6 and 8 are more involved and reveal interesting features. In all cases, we determine precisely the flow to large g.
The direct analysis can hardly be pushed to much larger values of L. Hence, we revert to the numerical exploration of the complete Lieb-Wu equations. We perform the analysis of the antiferromagnetic state (the one with highest anomalous dimension) working with up to L = 32 sites and providing the NNLO strong coupling expansion of its anomalous dimension.
Next, we consider the lightest state in the perturbative multiplet. Exploiting some features of this state in the thermodynamical limit, we solve numerically the Lieb-Wu equations at L = 12, 20 (the first non trivial cases of L = 8k + 4, k ∈ N). These are remarkable values of the composite operators length. Nevertheless, the analysis is performed in full details obtaining also in this case the NNLO strong coupling expansion of the anomalous dimension. This analysis is important in our opinion since it is an explicit study of the Lieb-Wu equations at large but finite L.
The paper is closed by a conjecture about the general form of the lightest state for lengths L of the form 4(2k + 1), k ∈ N. A discussion of the comparison with the BMN limit is also discussed.
Anomalous dimensions in N = 4 SYM and the Hubbard model
The four dimensional N = 4 SYM theory is finite. Its non trivial quantum properties are encoded in the behavior of gauge invariant composite operators. The gauge group is SU (N ) and we are interested in the planar limit N → ∞. We introduce the coupling g related to the large N 't Hooft coupling λ
In the so-called SU(2) sector of N = 4 SYM, we consider gauge invariant composite operators of definite scaling dimension
where Z, Φ are charged scalar fields. The classical dimension is L, the number of fields.
In the following, we shall simply call L the length due to the lattice representation that we are going to introduce. The above composite operators have non trivial renormalization properties and acquire anomalous dimensions with all-loop corrections
As we discussed in the Introduction, they can be computed as the eigenvalues of a charge D. It is the dilatation operator and belongs to an infinite tower of commuting charges. Its perturbative expansion (at two loops) is 4) where the σ i matrices act on the cyclic states of a spin 1/2 chain. A particular operator is mapped to a spin chain state in the natural way, e.g.
The dilatation operator at finite g is thus non local. The RSS proposal identifies the up and down spin with fermions in two spin states. It also add states with two fermions occupying the same site. On this enlarged state space, RSS define an Hubbard-type Hamiltonian. In the following we shall consider the case L ∈ 2N and M = L/2 and look at operators with zero SU(2) spin. The explicit local Hubbard Hamiltonian is
where
Periodic boundary conditions are understood. The twisting phase in the boundary link is fixed at φ = π/2. The Hamiltonian (2.6) is symmetric under the SU(2) generators
At half-filling and with an equal number of up and down fermions the z-component is automatically zero.
The Hamiltonian (2.6) is also invariant under the shift 14) with related transformation properties of the c † operators. The states invariant under this symmetry will be called cyclic states and are the relevant ones to represent single trace operators in the gauge theory.
The Hamiltonian can be written in a simpler form after the transformation
The on-site Coulombian term H 0 is unchanged. The hopping part H 1 becomes 16) and the shift symmetry is written simply
The hopping term is diagonalized by introducing fermion operators in momentum space 18) where the lattice momenta can take the values
The dispersion relation for the scaled Hamiltonian H 1 / √ 2 is then
Cyclic states of the original Hamiltonian with L fermions can be built in momentum spaces by acting on the vacuum with L a † σ,p operators with a total momentum p being an odd multiple of π due to the phase factor e 2iφ/L .
The perturbative multiplet
As we have seen, the RSS construction introduces additional states with fermion double occupancy which do not have a direct correspondence with the gauge theory composite operators. As we remarked in the Introduction, the role of these states is not totally clear. However, we can exploit them as an auxiliary device and focus on what we shall denote the perturbative multiplet. This is the set of states which at g → 0 reduce to states with no double occupancy and have ∆(g) → L, the maximal value at g = 0. In other words, these are the states which flow at weak coupling to states that can be naturally mapped to gauge invariant single trace operators. As g increases, they are no more the maximal energy states and mix with all the extra states.
At very large g, any state flows to a free fermion state which is an eigenstate of the hopping term H 1 . Our aim is to understand the asymptotic free fermion content of specific states in the perturbative multiplet. In particular, at large g we find ∆(g) ∼ δ g + O(1) where δ is the hopping energy of the asymptotic free fermion state. We show in Fig. (1) the qualitative description of the spectrum. The up most state is the so-called antiferromagnetic state (AF). The bottom part of the perturbative multiplet is composed of what we shall call light states, where light means that the anomalous dimension is small in the weak coupling region. The multiplets of extra states with double occupation are also schematically shown. In principle they can cross the perturbative multiplet.
In the following sections, we shall discuss some general features of the AF and light states that can be derived from general principles and an analysis of the BDS equations.
The antiferromagnetic state
At even L the AF state is non degenerate. Its anomalous dimension is known in the thermodynamical limit. In terms of the planar coupling λ = 8π 2 g 2 , it reads [13] 
This function is well known to be non-analytic in x = 0. However, it admits the asymptotic expansion [27] f
Despite being only asymptotic and not convergent, the above expansion has been shown to reproduce correctly the second order perturbative correction at large λ. This means that we can expand the anomalous dimension at large λ as 5) and the limits lim L→∞ a k (L) are obtained by replacing f (x) by its asymptotic expansion. At second order, we have
and we obtain
Here, ∆ strong AF (λ, L) stands for the expansion Eq. (3.5). Later, we shall compare this prediction with the finite L analysis of the Lieb-Wu equations.
The light states
At the bottom of the perturbative multiplet there are light states. These are light in the sense that their anomalous dimension is small in the perturbative region. These states are highly non trivial in the BDS description. In the Heisenberg language, up to a change of sign in the anomalous dimension, they are states which can be built adding many excitation over the antiferromagnetic state respecting the constraint of zero spin and cyclicity. Not very much is known about these states since they correspond to non trivial distributions of Bethe roots in the thermodynamical limit [28] . In some cases, the Bethe Ansatz equations can be solved at L → ∞. An example is the lightest state which is associated with a limiting double contour distribution [20, 21] . For brevity, we shall denote this state as |FS since in the BMN limit it is dual to the so-called folded string solution [29] .
The state |FS can be studied at finite L and its anomalous dimension can be loop expanded. If we express the result in terms of the 't Hooft coupling λ we find
The reason for the various explicit powers of L is that all the coefficients c ℓ (L) have finite limits as L → ∞. Hence, the state |FS admits the BMN limit
It is usual to introduce the coupling λ ′ = λ/J 2 where J = L/2 is the angular momentum of the folded string. The coupling λ ′ is fixed in the BMN limit. The BMN limit of the anomalous dimension is then
The function F (λ ′ ) has been first computed in [29] . At small λ ′ , it reproduces the gauge theory perturbative expansion
, the typical behavior expected from AdS/CFT duality [30] . In this paper, we work at finite L and cannot access the limit Eq. (3.10). Instead we are studying the |FS state at fixed L, expanding ∆ FS at large λ ′ . This is the same procedure we followed for the AF state and is the kind of investigation described in [25] . We remark that there can be important differences between this and the BMN limits. At finite L and λ ′ there can be terms with ambiguous λ ′ , L → ∞ limit. An example could be, for instance, 12) tending to 1 when λ ′ → ∞ and to 0 when L → ∞. BMN scaling appears to be a general feature of the light states and is quite effective in the search for the corresponding dual string states. It is natural to look at BMN scaling as an infinite volume limit where the fixed ratio √ λ ′ ∼ g/L is interpreted as a finite size scaling variable. This smooth thermodynamical limit on the lattice can be explored more explicitly by evaluating in the Heisenberg model the SU(2) invariant correlation function 
Analysis of the full spectrum
In this Section, we begin the analysis of the information that can be derived in the framework of the full Hubbard model. In order to understand the general features of the weak to strong coupling flow we analyze the full spectrum at variable g and L = 4, 6, 8. We follow the direct approach of Minahan [25] already applied to the case L = 4 that we also review to fix the approach, extending it to somewhat larger values of L. Later we shall discuss a different approach based on the numerical solution of the Lieb-Wu equations.
Review of the L = 4 case
As explained in the very nice investigation [25] , in the L = 4 case and after restricting to cyclic states with S = 0, there are only 6 remaining states. The antiferromagnetic state is non degenerate. Its perturbative expansion involves only even powers of g as an exact discrete symmetry of the model
The full spectrum can be easily evaluated numerically and leads to the weak-strong coupling flow shown in Fig. (4) . As explained in [25] , the perturbative expansion of ∆ can be recovered quite efficiently from the expansion of the secular determinant
One finds,
Replacing the expansion (4.1) and matching the coefficients we find immediately
At strong coupling (large g) the leading behavior of the eigenvalues is linear in g with a slope given by the eigenvalues of H 1 / √ 2. These are not immediately obtained from the dispersion relation because not all multifermion states are allowed by the cyclic and S = 0 conditions. The explicit eigenvalues of the 6 × 6 matrix H 1 / √ 2 can be computed analytically and are
From the free fermion dispersion relation Eq. (2.20) we see that the highest state has a slope that unambiguously identifies it with the free fermion state with the following level occupation
The notation means that the components of n σ are the energy modes of the σ type fermions according to Eq. (2.20) . This is nothing but the ground state of the Hubbard hopping term.
Extension to longer operators
The extension of the above direct approach to longer operators is in principle straightforward. However, some technical issues must be clarified in order to make the procedure systematic. We now illustrate the general features and then discuss the L = 6 and L = 8 cases.
To build the relevant states we first enforce the S = 0 condition. Since N ↑ = N ↓ , we have automatically S z = 0. The operators S ± are ineffective on doubly occupied sites. Also, they cannot move around the unpaired fermions. As a consequence, we can partition the problem of listing S = 0 states according to several sectors where we fix (a) the number and positions of the paired fermions, (b) the positions of the unpaired fermions.
Given such a sector, the fermions are no more itinerant from the point of view of the spin calculation. Then, spin zero states are simply the spin zero component of the SU (2) decomposition of the product of N fundamental representations. The actual wave function of these states is obtained by taking independent antisymmetrizations with respect to pairs of up and down fermions. The independent antisymmetrizations are explicitly given by the SU(2) Young tableaux with two rows and N/2 columns. The Young tableaux entries in each column determine the independent antysymmetrizations.
To give an example. Suppose that we have 3 + 3 fermions on a L = 6 lattice. In a sector where there is one paired couple in the rightmost site and the unpaired fermions are in the 1, 2, 3, 4 position, we have 6 states | * , * , * , * , 0, ↑↓ , * ≡↑ or ↓, (4.7)
with 3+3 fermions in total. Then, the relevant two Young Tableaux with their associated antisymmetrization prescriptions are 
where [s] is the spin s representation of SU (2) . Hence the desired number is the Catalan number
Summing over sectors with p doubly occupied sites, we find the total number of S = 0 states
This number is reduced roughly by the factor 1/L after the cyclic projection. This is implemented rather easily as follows. We denote by U the unitary operator which implements the shift symmetry. It can be checked that U L = 1 on half-filled states. Cyclic states |s satisfy U |s = |s . We then consider the shift symmetrizer
If H 0 is the space of zero spin states and C 0 the space of cyclic zero spin states, it is clear that the image SH 0 contains a basis of C 0 . Indeed, any state |s ∈ C 0 can be written |s = S|s and thus belongs to is in SH 0 . Hence, we can compute the image SH 0 and apply the Gram-Schmidt orthonormalization algorithm to simultaneously produce an orthonormal basis and also remove linearly dependent states. Of course, this procedure can be applied to the states in each of the sectors that have been identified in the construction of S = 0 states. This means, we repeat, sectors with fixed paired fermions and fixed positions of unpaired fermions. In addition, the cyclic structure of the fermion configurations in the cyclic states greatly helps in performing the orthonormalization by restricting to states with the same configurations modulo translations. After these technical remarks, we analyze in turn the L = 6, 8 cases which, as we shall discuss, illustrate in our opinion some interesting features valid in more complicated cases.
The non degenerate L = 6 case
After the spin zero and cyclic constraints, there is 1 state with no paired fermions. Thus, the antiferromagnetic state is again non degenerate. Also, there are 10 states with two pairs, 14 states with three pairs and 4 states with all fermions paired. The total dimension is 29. Fig. (5) illustrates the weak-strong coupling flow of the spectrum.
As compared with the L = 4 cases, we observe several crossings of the coupling dependent levels. Such crossings are well known in integrable models, where they are explained in terms of additional conserved charges commuting with the Hamiltonian [31] .
It is not feasible to evaluate the secular determinant P (∆, g) at least if we do not want to resort to numerical evaluations. Instead, we can determine the analytical perturbative expansion of the highest eigenvalue by standard perturbation theory of non degenerate eigenvalues. Let ψ 0 be the normalized eigenvector of H 0 associated with the non degenerate eigenvalue L. Then, we set ε 0 = L and iterate for n ≥ 1
14)
The last equation is evaluated in the subspace (ψ 0 , ψ n ) = 0 where the (pseudo) inverse operator (H 0 − E 0 ) −1 exists. The perturbative expansion of the eigenvalue of This expansion can be compared with the BDS approach based on the Heisenberg model [11] . The agreement is perfect up to five loop order which is where the long-range Heisenberg Hamiltonian is reliable at L = 6. As we remarked, the Hubbard model calculation is conjectured to be exact at all orders in the loop expansions, although a proof is lacking. Of course, knowing the one-loop Bethe roots, the above expansion can also be obtained by perturbative expansion of the Lieb-Wu equations. We do not insist on this point, since we are mainly concerned with strong coupling properties. Again, we can exploit the direct diagonalization approach to identify the free fermion state to which the g = 0 highest state flows. Comparing the slope of the highest eigenvalue (the maximum eigenvalue of H 1 / √ 2) with the dispersion relation Eq. (2.20) we find the two possibilities n ↑ = (0, n, 5),
where (n, n ′ ) can be (1, 4) or (4, 1). The contribution of these two fermions cancels in the energy. Indeed, ε 1 + ε 4 = 0. This means that we flow to an excited state of the full Hubbard model. This is a clear consequence of the cyclic projection. Indeed, the ground state of the Hubbard hopping term for L = 6 is not cyclic and is instead odd under the transformation Eq. (2.13). The spin zero condition determines uniquely the correct combination of states which is the antisymmetric combination
As a check, we see that the largest eigenvalue of the explicit 29 × 29 matrix H 1 on the cyclic spin zero states is non degenerate.
The degenerate L = 8 case
On a L = 8 lattice there are 4900 half-filled states in the full Hubbard model. After the spin zero and cyclic constraints, there are 3 states with no paired fermions, 35 states with two pairs, 108 states with three pairs, 70 states with four pairs, and 10 fully paired states. The total dimension is thus reduced to 226. This is a remarkable reduction, but the dimension remains rather high. Nevertheless, we shall be able to complete the analysis. The maximum eigenvalue of H 0 is threefold degenerate. It contains the antiferromagnetic state and other two states with lower anomalous dimensions. We postpone the discussion of flow. Again, it is clearly not feasible to evaluate the secular determinant. Also, we must deal with the complication that there are 3 states with eigenvalue L = 8 at g = 0.
We can determine the perturbative expansion of the highest eigenvalue by quantum mechanical formulae for perturbation theory of degenerate eigenvalues. In the case under consideration the degeneration is removed at second order in g. A very simple practical algorithm is then the following.
Let P 0 be the projector onto the degenerate eigenspace E 0 with eigenvalue
be a 3 × 3 matrix restricted to E 0 . Let its three eigenvectors be ψ 0 , ψ ′ 0 , ψ ′′ 0 in some order. They have distinct eigenvalues. We iterate for n ≥ 0
The coefficients α ′ 2n α ′′ 2n are fixed by the condition P 0 v 2n−2 = 0. The explicit matrix D is rather complicated. Its eigenvalues are the three roots of the equation (of course in agreement with the one loop calculation in [8] They are unavoidably numeric since they involve the algebraic irrational λ. Again, we can compare with the BDS prediction at five loop. It is given in [11] terms of an algebraic number (denoted ψ) which agrees with the above three λ roots. The agreement is complete. Of course, beyond five-loop, the above expansions derived in the Hubbard model are new and must be checked against gauge theory perturbation theory.
Coming to the analysis of the weak-strong coupling spectrum flow, we see that it is quite complicated as illustrated in Fig. (6) . The identification of the asymptotic free fermion state is less easy but straightforward. Let us denote by
the three states with eigenvalues expressed by the above expansion. The highest state |∆ is the antiferromagnetic state and does not cross the other states along the flow. Instead, the other two degenerate states undergo several crossing as g is increased. However, it is easy to follow them along the crosses. We enumerate states starting from the highest. The two subleading states turns out to be 3rd and 8th asymptotic free fermion states. This is more clearly illustrated in Fig. (7) where we show the first 9 ordered eigenvalues. Several crossings can be observed and in the end, the asymptotic eigenvalues remain separated. Remarkably, at large g the states |∆ ′ and |∆ ′′ are close (in energy) to partner states | ∆ ′ and | ∆ ′′ that we shall now discuss. As a first step toward the identification of the asymptotic states with free fermion states, we analyze the eigenvalues of the matrix H 1 / √ 2 and compare them with the dispersion relation. If we denote by s, s ′ , s ′′ the asymptotic slopes of the energies of the three states |∆ , |∆ ′ , |∆ ′′ , with respect to the coupling g, we find the following (unique) match in terms of the free fermion energies Eq. (2.20),
The first relation permits to conclude that the highest states is nothing but the Hubbard model hopping term ground state. The other two relations identify two levels which are occupied by an up-down doublet ↑↓ in momentum space. The remaining 4 fermions (two up and two down) must be placed in the remaining levels with a total zero additional energy and respecting the cyclicity and zero spin conditions. This can only be achieved by leaving the four fermions unpaired and placing them symmetrical around the zero energy value. The level population is shown in Fig. (8) .
The first state on the left is the Hubbard model hopping ground state, as discussed. In the other states we have shown the two levels which are unambiguously filled with a pair ↑↓. We have also shown a particular admissible distribution of the remaining two up, and two down fermions on the allowed four symmetrical levels. We have circled them with dashed ellipses to emphasize that this is just one component of the exact state. Indeed there are several possible distributions of the unpaired fermions. To further analyze, we take into account the spin zero condition. For both |∆ ′ and |∆ ′′ the allowed states reduced to the two independent states that are obtained by antisymmetrizing two pairs of up and down fermions.
Of course, there are two states because of the SU(2) decomposition
To be explicit, in the case of |∆ ′ , two orthonormal states can be taken to be where the states | · · · p are labeled with the fermion occupancy in momentum space and the momentum sites are ordered from the largest ε n (ε 0 ) to the smallest (ε 4 = −ε 0 ). With this notation, the Hubbard model hopping term ground state is | , , , , 0, 0, 0, 0 . Introducing analogous orthonormal states |e ′′ 1,2 for the sector spanned by |∆ ′′ and | ∆ ′′ , the free fermion asymptotic states associated with |∆ ′ and |∆ ′′ are suitable linear combinations of |e ′ 1,2 and |e ′′ 1,2 that can be determined by perturbation theory in H 0 . In both cases, the relevant asymptotic state is the one with (slightly) larger energy as can be seen from Fig. (8) .
At first order, the degeneration is not removed. We find the same constant shift in both doublets. At second order, we find a non trivial energy splitting. We do not report the expression of the asymptotic eigenvectors which is really not useful. Instead, we give a closed form for the split eigenvalues.
If we denote by ∆ ′ ± and ∆ ′′ ± the strong coupling expansion at second order of the doublets eigenvalues, we find Notice that this is correct for g > 0. Indeed, in general, the above strong coupling expansions must be written with g → |g| to respect the exact g → −g symmetry of the spectrum.
As a final comment, we remark that the above complicated expressions have been checked explicitly against the numerical evaluation of the levels with full agreement.
Summary of the results for L = 8
In conclusion, taking the upper states and evaluating the energy levels, we find the following result in the case L = 8. The AF state has been already discussed. The other two states in the perturbative multiplet have the following strong coupling expression of the anomalous dimensions 
Direct analysis of the Lieb-Wu equations
A posteriori, we can make some general comments on the previous analysis based on direct diagonalization. We are considering an Hamiltonian of the form
where g is a coupling. As g flows from 0 to ∞, each eigenstate of H flows from an eigenstate of H A to an eigenstate of H B . It is clear that exact diagonalization permits to follow the flow for generic H A , H B , however the method is unrealistic for large dimension of the Hilbert space. The problem is very general and, as such, has no simple solution. Of course, what saves the day in our context is integrability. In principle, the Lieb-Wu equations can be solved for a particular state, i.e. typical configuration of Bethe roots, without the need for huge calculations of eigensystems. Extending the calculation from g = 0, where the Bethe roots are those of the Heisenberg model, up to large g should permit in principle to determine the strong coupling behavior of any state. However, it is also clear that the general task of solving the Lieb-Wu equations for all states in the perturbative multiplet and fixed L (possibly large) is not easy [32] . However, there are exceptions. These are the states where some general knowledge is available about the limiting distribution of Bethe roots at large L. In the next Sections, we shall discuss two important examples. The first is the AF state. At half-filling, it is the unique state with completely real solutions to the Lieb-Wu equations. The second example is the lightest state |FS . Here, we know that at large L the Bethe roots condense on two symmetric curves in the complex plane and we can exploit this information to evaluate them at least numerically. This case is considerably more difficult than the AF state because the Bethe Ansatz solution is complex.
Notice that in principle, one could use the original all-loop BDS equations. This calculation would be reliable in the thermodynamical limit including finite size corrections if needed. In this paper, we are concerned with finite L properties, and therefore we have explored the explicit (numerical) solution of the more difficult Lieb-Wu equations.
Real solution: the antiferromagnetic state
At half filling, the AF state is described by the only genuine real solution of the Lieb-Wu equations. They read
where, in our problem, n = 1, . . . , L, and k = 1, . . . , L/2. We focus on the case N = 4p where φ = π/(2L) and the Bethe quantum numbers are
The iterative solution of the above equations is quite stable, as it is common when dealing with real solutions. Following the evolution at g → ∞ of the energy of the highest state, we have checked that it flows at strong coupling to the ground state |ψ 0 of the Hubbard model hopping term. In momentum space, this is the state where all positive energy levels are doubly occupied
The AF state remains non degenerate at all couplings and we can apply first order perturbation theory to determine the first subleading correction at large g. Also, from the numerical solution of the Lieb-Wu equations, we can evaluate the finite L next-to-subleading correction ∼ 1/g. Summing up, our result for the expansion of the anomalous dimension of the AF state at finite L and large g reads
The first term is the energy of the Hubbard model hopping term ground state with twist. Its explicit formula comes from the sum
The coupling independent term is a universal constant. It is evaluated by computing the matrix element
The next correction takes the numerical values reported in Tab Table 1 : Coefficient of the second order correction to the energy of the AF state at finite L ∈ 4N and large g. A simple polynomial extrapolation at L → ∞ gives lim L→∞ δ L = 0.0240 (1) .
is an exact expansion in inverse powers of g at fixed L. As a non trivial check, it can be compared with the result Eq. (3.7) by taking the L → ∞ limit term by term. We obtain
This is in full agreement with Eq. (3.7) since
A complex solution: the |FS state
The general geometry and symmetry of the Bethe roots for the |FS state at large L are of great utility in determining them at finite L ∈ 4N. As we shall discuss, there are numerical difficulties when L = 4p with even p, i.e. L mod 8 = 0. Instead the case L = 4p with odd p, i.e. L mod 8 = 4, can be treated successfully. In the next Sections we shall present our detailed results for the non trivial cases L = 12, 20.
L = 12
At L = 12 there are 14 states in the perturbative multiplet and many more extra states in the full Hubbard model. We have determined the one loop Bethe roots for the |FS state as we now discuss. The six Bethe roots are non zero and symmetric under u → −u. This reduces the problem to solving three polynomial equations in three variables. Four roots are expected to be complex and the other two real. Applying the resultant technique we find that the complex roots are among the solutions of the following polynomial This polynomial contains several spurious solutions and is perhaps not the most economical choice. Nevertheless, it contains the exact roots and we quote it for the reader's convenience. 1 The roots associated with the |FS state are
13)
14) in agreement with the results in [20] . We start from this solution plus the condition for the momentan = 2π 18) which is valid at g = 0. Then, we increase g and determine step by step the new solution of the full Lieb-Wu equations. This procedure is numerically stable and permits to determine the energy flow as well as the change in the Bethe momenta and u variables. We show in Fig. (9) , the evolution of the Bethe Ansatz solution {u i } as g is increased up to g = 15. More interestingly, we show in Fig. (10) , the evolution of the momenta. The flow permits to derive the asymptotic occupancy in the free fermion limit. In terms of the indices n, the final occupation of states is as follows. There are singly occupied modes with mode indices n = 0, 11, 2, 9, 3, 8, 5, 6, (5. 19) and two doubly occupied levels at modes n = 1, 10.
(5.20)
1 A single polynomial for the case L = 8 is quoted in [11] . However, there is a misprint in one coefficient.
The correct resolvent is R(
− 16128 x 8 + 460800 x 10 + 552960
As in the L = 8 case, the singly occupied levels contain 4 up fermions and 4 down fermions in a S = 0 combination. There are several possibilities and only one can be selected by perturbation theory. We do not pursue the strong coupling correction analytically. Instead we determine the leading term at large g and the subleading contribution that can be obtained by first order perturbation theory. The leading contribution (the coefficient of g at large g) is 2(ε 1 + ε 10 ) = 2 √ 2 cos 5π 24 + cos 41π 24 = 4 cos
The subleading term can be computed analytically and is 26/3. Hence we have found that for the |FS state at L = 12 we have
where we have also indicated the fitted coefficient of the NNLO term in the strong coupling expansion. The agreement with the calculated energy is shown in Fig. (11) . The asymptotic fermion configuration is shown in Fig. (12) where we simply draw the single particle level and their occupation without specifying the spin of the singly occupied levels.
L = 16
We can repeat the analysis for L = 16. In this case, we failed to obtain an exact resultant encapsulating the exact one loop Bethe roots. Instead, we have computed them numerically. The symmetry of the 8 roots is
23)
24)
25) The imaginary part of α is quite near to 1 2 . This is a source of instability in the solution of the Lieb-Wu equations. Indeed, as g is increased, we numerically observe that four of the Bethe roots tend quickly to a singular configuration. This problem does not occur if L mod 8 = 4. We do not try to deal with the singularities of the L = 16 case and instead study the more involved, but more stable case L = 20.
L = 20
The 10 one-loop Bethe roots satisfy the following conditions:
29)
30)
31) We show in Fig. (13) , the evolution of the Bethe Ansatz solution {u i } as g is increased up to g ≃ 18. Fig. (14) shows the evolution of the momenta. Again, we can derive the asymptotic occupancy in the free fermion limit. In terms of the indices n, the singly occupied modes are n = 0, 1, 3, 4, 5, 6, 7, 9, 10, 11, 13, 14, 15, 16, 18, 19, (5.37) and there are again 2 doubly occupied levels at modes n = 2, 17. The subleading term can be computed analytically and is 73/5. Hence, in summary, the |FS state at L = 20 admits the strong coupling expansion
where we have also indicated the fitted coefficient of the NNLO term in the strong coupling expansion. As before, we shown the agreement with the calculated energy is shown in Fig. (15) . The asymptotic fermion configuration is completely similar to the L = 12 case. The doubly occupied levels are in the middle of the single particle positive energy levels. The other positive energy levels are singly occupied, as well as their mirror levels with negative energy.
Conjecture for the |FS state at general
The results at L = 12 and 20 are quite symmetric and completely similar. It is natural to conjecture that for all L = 4(2k + 1), the pattern is identical. This means that the |FS state is obtained at strong coupling as the state with the following properties.
1. The positive energy single fermion levels are all occupied with one fermion, with the exception of the central levels with mode numbers
These are doubly occupied.
2. The negative energy levels which are mirror of singly occupied levels are also singly occupied.
3. The negative energy levels which are mirror of doubly occupied levels are empty.
Evaluating the leading and subleading contributions to the anomalous dimension gives the strong coupling expansion
Eq. (5.42) is expected to be the exact strong coupling expansion at any fixed L = 4(2k + 1). We conclude with a comment about the other cases L = 4(2k). The explicit results at L = 8 and preliminary data at L = 16 suggest that the |FS state is again flowing to a state like the above with the same expressions for the leading and subleading terms in the strong coupling expansion. Indeed, at L = 8, the above parametrization reproduces the exact result that we derived by exact diagonalization. However, we have not enough empirical support to firmly establish this result.
Summary of results and discussion
To summarize, we report our main results for the large g expansion at fixed L of the anomalous dimension of the antiferromagnetic and |FS states. For the antiferromagnetic operator we have found
The first two terms are exact. About the last one, we have shown how to compute it for large L. We have also provided the asymptotic limit
For the folded string dual, we have found (at finite L mod 8 = 4) In particular, the leading and subleading terms of these expressions are exact at all finite L. As such they are beyond the region of applicability of the BDS approximation which, due to wrapping terms, is limited to L → ∞. Indeed, they are a genuine result provided by the Hubbard model framework where they express properties of specific free fermion states.
As we remarked, our expansions are obtained by taking λ ′ large at fixed L. An important issue if then the comparison with the BMN limit. Indeed, as pointed out by Minahan [25] , it is not totally clear how to recover the (λ ′ ) 1/4 behavior of string states from the strong coupling expansion of the Hubbard model. The tricky proposal in [25] is based on the assumption that at large g there are doubly occupied levels with small single particle energy of order 1/L. Unfortunately, we have seen that this is not valid for the considered states with many excitations. The doubly occupied levels give an asymptotic slope ∆/g which is of order 1 for the minimal energy state |FS .
The BMN limit is obtained by fixing λ ′ = λ/J 2 and taking J → ∞ where J = L/2 is the angular momentum of the semiclassical dual state. We have seen that at finite L there can be correction terms (like Eq. (3.12)) with an ambiguity in the L, λ ′ → ∞ limit. If we want to compare with the BMN limit we have to enforce the correct ordering and require λ ′ ≪ L. Let us see the role of this constraint in the case of our data at L = 12 and 20. The BMN anomalous dimension of the folded string can be written 5) where q = q(λ ′ ) is the solution of 6) and K(q), E(q) are standard complete elliptic integrals of the first and second kind. We show in Fig. (16) the comparison of F (λ ′ ) and the ratio ∆/L for the lightest state at L = 12 and 20. The left panel shows that there is good agreement for λ ′ up to about 3 − 4, reasonably within the BMN scaling window. This is a rather large value suggesting that the agreement is working beyond perturbation theory. Indeed, we show in the same figure the 8th and 9th order perturbative expansions of F (λ ′ ) which read
The two curves suggest a convergence radius around λ ′ ≃ 3, somewhat smaller than the region of agreement. If so, this could be a signal that we are slowly recovering the BMN result.
Conclusions
In this paper we have considered a particular class of gauge invariant operators in the planar limit of N = 4 SYM. These are length L single trace operators in the SU(2) sector with zero spin. Remarkable members of this class are the so-called antiferromagnetic operator and the dual of the semiclassical folded string state.
We have assumed a recently proposed relation between the gauge theory and a Hubbardlike model of itinerant fermions. This approach permits to evaluate the anomalous dimensions of the gauge invariant operators at all couplings. In particular, we access the strongly coupled region at fixed L.
Our investigation has been based on two complementary techniques. First, we have evaluated the full spectrum of the model for operators with L = 4, 6, 8. This has provided useful information about the mutual relation between the states of the Hubbard model and the perturbative multiplet of states with a clean relation to gauge invariant operators.
Then, we have investigated the numerical solutions of the Lieb-Wu equations. They are a powerful tool that permits, in principle, to follow a particular state from weak to strong coupling in a totally controlled way. Our results are very simple explicit formulas for the strong coupling expansion of the anomalous dimensions. They are expressed in terms of specific free fermion states whose properties are easily computable.
We hope that this investigation will be useful to shed some additional light over the non perturbative features of the states in the multiplet as well as over the connection between the gauge theory and the underlying integrable Hubbard model. This work can be extended in several directions. Some are rather obvious like (a) S = 0 states in the SU(2) sector, (b) sectors different than SU(2), (c) other particular states like for instance the dual of the semiclassical circular string solution. In principle, it should be possible to study the strong coupling region by direct perturbative expansion of the Lieb-Wu equations although this is a delicate analysis [33] . This could be a valuable effort. It would be very nice to reproduce in some limit of the Hubbard model the true strong coupling behavior of string states, i.e. the typical relation ∆ ∼ (λ ′ ) 1/4 for the light states. This is non trivial at the numerical level since large λ ′ and irrelevance of possible corrections like (3.12) would require quite large lattice sizes L.
The most interesting extension seems to be a detailed study of the other light states in the perturbative multiplet, perhaps exploiting in a deeper way their nearly-BPS nature [34] . As L increases, our investigation shows that there is a growing number of states with a smooth L → ∞ limit. This is not unexpected and they should be described by a suitable effective theory in the continuum. This line of analysis have been discussed in [35] in the context of the loop-corrected Heisenberg model and should be extended to the Hubbard model [36] . For these states, the finite L analysis of their associated Lieb-Wu solution could provide some hindsight on the possible limiting distribution of Bethe roots and suggest a strategy to evaluate their thermodynamical limit. In the end, this could lead to new examples of AdS/CFT specific dualities. Indeed, the search of new string states dual to novel Bethe Ansatz solutions seems to be far from the end [36] .
A. Exact diagonalization of the S = 0 sector of the Heisenberg model
In this Appendix, we report some useful techniques for exact diagonalization of Heisenberglike models in sectors with fixed SU(2) spin. As discussed in the analysis of RSS, the two loop dilatation operator is
where we assume periodic boundary conditions. This operator acts in the perturbative multiplets, i.e. on the S = 0 cyclic states of the Heisenberg spin model. We can write the various σ i · σ j terms by means of transpositions operators flipping spins at sites i, j
The dilatation operator can be rewritten
where we notice that (under periodic identification of the boundaries) P i, i+2 = P i,i+1 P i+1, i+2 P i, i+1 , (A. 4) and the full operator is written in terms of elementary transpositions only, i.e. transpositions of nearest neighboring spins. Also, cyclic states are states invariant under a lattice shift T that can also be written in terms of elementary transpositions as the product
We are interested in diagonalizing the dilatation operator in the S = 0 sector. The states in this sector are associated with standard SU(2) Young tableaux with two rows and L/2 columns, as already discussed. However, now we are no more interested in the detailed spin positions and we do not need translating the YT in explicit (anti)symmetrized states. Instead, we can exploit an old computationally efficient parametrization of orthogonal states [37] which turns out to be very suitable for our problem. We associate a state |Y to each distinct spin zero Young tableaux Y . Then, the nearest-neighbor transposition P k,k+1 has the following matrix elements 
